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THE SUBGROUPS OF ORDER A POWER OF 2 

OF THE SIMPLE QUINARY ORTHOGONAL GROUP 

IN THE GALOIS FIELD OF ORDER i?" = 8Z ± 3 * 

BY 

LEONARD EUGENE DICKSON 

1. The group of all quinary orthogonal substitutions of determinant unity in 
the GF [ ^" ] , J? > 2 , has a subgroup Oq of index 2 which is simple. The 
latter is simply isomorphic with the quotient-group Q of the quaternary abelian 
group and the group composed of the identity and the substitution which merely 
changes the sign of each variable. The difficulty in the employment of Q is 
apparent, while for O^ there is unfortunately no known practical f criterion to 
distinguish its substitutions from the remaining quinary orthogonal substitu- 
tions. While the abelian form seems best adapted to the determination J of 
the subgroups of order a power of p , the orthogonal form is found to possess 
advantages in the study of the subgroups of order a power of 2 . 

The case ^^ = 8Z ± 3 , namely, that in which 2 is a not-square in the GF\.p^'\, 
is here treated on account of its simplicity (compare in particular §§ 2, 4, 5, 22) 
and in view of the applications to be made in subsequent papers in these 
Transactions to the determination of all the subgroups when ^"=3 and 
p" = 5. 

There is established the remarkable result that, independent of the values of 
p and n (such that p" is of the form 8? ± 3 ), the group Oq contains the same 
number of distinct sets of conjugate subgroups of order each power of 2 , one set 
of representatives serving for every O^ (compare the diagrammatic summary in 
§ 21, the group notations being given in earlier sections in display formulae sepa- 
rately numbered). Moreover, except for the subgroups of orders 2, 4, and certain 
types of order 8, the order of the largest subgroup of O^ in which a group of 
order a power of 2 is self-conjugate is independent of p and n. 

* Presented to the Society at the Boston meeting, August 31-September I, 1903. Received for 
puWication, July 28, 1903. 

■)• In the theory we have recourse to the generators (see § 2). When this becomes impractic- 
able, vfe resort to the isomorphism with the abelian group by means of the "second-com- 
pound " theory (compare §| 11, 40, 44). 

t Transactions, vol. 4 (1903), pp. 371-386. 
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By way of cheek, it may be stated that the results of §§ 10, 11 and all after 
§ 21 were first established by other methods in the case jf = 3 and in part for 

Orientation of the case ^" = 8Z ± 3 , §§ 2-5. 

2. The simple quinary orthogonal group O^ in the OF [^"J , ^J > 2 , has the 
order 

(1) 0„,^ = ii>^(i>*"-l)(y»-l). 
We observe the following lowest orders : 

fii_3=2«-3*-5, fli,,=2«-32-5^-13, a,^,=1^-Z^-h-'-V, 

ftj„=2«-32-5^-ll^-61, Oi,i3=2''-32-5-7^ 13^-17, 

fl, „=2i''-8^-5 •17^-29, ni,,<,=2«-3*-6^-19^181, fl2,3=2»-38- 52-41, 

n, 5 =28- 3^- 58- 13 -313, ^2,, =2"''- 3^- 5* 7«- 1201,03 3=2''-3'2-5-72-132-73. 

Let jo" = 2^ + 1 . Then i ( jo^" + 1 ) is odd, while 

Hence Xl^^ is always divisible by 2^. The condition that 2^ shall be the high- 
est power of 2 occurring as a factor is that ^h{h -\- 1 ) shall be odd. Accord- 
ing as A; = 2i or ^ = 2< — 1 , we have A; = 4; -f 2 or ^ = 4; -f 1 , upon replac- 
ing the odd number t by 2j -f 1 . Hence jo" = 8; -f- 5 or 8; -f- 3 , respectively. 
Theorem. The highest power of 2 occurring as a factor of fl^^^ is 2" if 
and only i/" ^'' = 8Z ± 3 . 

3. ^y Linear Groups, §§ 181, 182, 189, Oq is generated by 

(2) Qt'J^{Ot'J)\ OfjOi'J (i,i,fc,i = i,...,5), 
where a and /S are arbitrary solutions of x^ + y'' ■= 1, p and a fixed solutions, 

the cases jo" = 3 and p^ =-b alone being exceptional. Let 

noting that these linear substitutions do not compound as literal substitutions ; 
for example, ( I, I3 ) ( li f 2 ) = ( ^ i ^ 2 ^s ) • ^^^t 

C^: i; = -?i> ^'1 = % (i = l,---,5;i + 0. 

Then for ;»" = 3, the generators are the Cfi^, {^i^j)i^k^i)'> ^^^ 

,,, „^, i; = fi-f2-?3-?4' i; = f,-i2 + f3 + ?4' 
e;=fi+ 12-^3+^4' f;=fi + i2+f3-^*- 
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For p''= 5, the generators are the C';C'^)(fif,)(fi?,)» and 

J? = i?-i: |; = ^^ + 1^+2^3, i; = f^ + 2f, + ^3, f; = 2|,+ ^,+ f3. 

4. The conditions that Q^^f shall reduce to {^i^j)C. are 

2^2 = 1 , 2a/3 = - 1 , 

solutions of which exist in the GF [^"], ^ > 2, if and only if 2 is a square. 
Now 2 is a quadratic residue of all primes of the form 8i =b 1 and a quadratic 
non-residue of all primes 8^ =h 3 . Hence (^Linear Groups, § 62), 2 is a not 
square in the GF[p'''\ , j? > 2 , if and only if p" is of the form 8Z ± 3 . 

Theorem. The second ti/pe of generators (2) may he replaced by ( |j ^^. ) ( ^^ ^, ) 
if and only if p" = Sl±S. 

5. We are therefore led to the group * merely permuting f j , • • • , fj ; viz., 

(3) ^m = { gJ"0"P generated by all the C^C^ and {^i^j){^Ji)}- 

For brevity set C^ = C^C^Cfifi^. Then G,^ has the commutative subgroup 

(4) G,,=={I, (7,(7,(i,j=0,l,2,3,4,5;i>0}. 

The alternating group on 5 letters is simply isomorphic with the subgroup 

(5) G^6o = { g™"P generated by all the ( l^ f,- ) ( f ^ I, ) } • 
Extending the group (r^ by the substitutions 

^, = identity, B, = {U^){U.)^ B, = {U.){U,)^ B.= {U.){U.)^ 
we obtain a subgroup of (r^gj whose substitutions are given uniquely thus : 

(6) (?,,= {i?,,5,C,C,(A; = l,2,3,4;i,i=0,l,...,5;i>i)}. 

Theorem. The subgroups of O^ of order the highest power of 2 contained 
m fl are of order '2fi and conjugate with Gg^ if and only ifp" is of the form 
8^ ± 3 ; namely, if 2 is a not-square in the GF [p"], i? > 2 . 

Kepresentatives of the sets of conjugate subgroups of order 

A POWER of 2 WITHIN Oq, §§6-21. 

Distribution of the substitutions of G^ into sets of conjugates. 

6. The substitutions in the four following sets 

CO c c n n n n n n n n • on no on o o . 
2^5' ^4^5' ^1^2^3^5' ^I'-'s^l^S' ^1^2' ^1^4' ^2^3' ^3^4' 

transform B^ into B^ , ^3 C^ C^ , B^ C^ C^ , B^ C^ C^ C^ (7, , respectively. Further, 
* Two sets of {{eneratioiial relations for G^^ are given in Linear Orovps, p. 293. 
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the B^ are commutative. Hence B^ is conjugate within G^^ only with B^, 
B^ C, 4 , B^ C, (7, and B^ C, C, C, C, . Now ( f 3 ^ J transforms G,, into itself if 
^ = 2 , 3 or 4 . Hence if I and m denote the two integers left in the set 2 , 3 , 4 
after the exclusion of k, the substitutions 

B„ B,C,C„ B,C,C^, B,C,C,C,C, 

form a complete set of conjugates within G^^. Next B^ transforms C^C^ into 
C. Cj , so that the substitutions C^ C^ ( i = 1 , 2 , 8 , 4 ) form a complete set of 
conjugates. Since B^, B^ and B^ transform C^C^ into C^C^, CjC^ and Cfi^^ 
respectively, C^C^ is conjugate only with itself and G^C^^. Likewise for C, C3 
and G^C^^, for CjC^ and G^G^. Evidently G^Gfi^G^ is self-conjugate. 
Hence B^, B^ and B^ transform B^^G^G^ into Bjfi^G^, Bfi^G^ and B^^Gfi^, 
respectively ; while the substitutions of G^^ transform B^ C, G^ into B^ C, Cg , 
Bfi^G^, B^G.G,, B^G^G, and transform B^G^G, into ^jCjC,, ^3(7,(7,, 
B^G^G^, B^G^G^. Hence B^G^G^ is conjugate only with itself and B^G^G^, 
B^G^G^, B^G^G^- Applying the above transformation (Ijl^), we obtain the 
conjugates to B^ G^ C, . 

Since B^ is one of four conjugates and since B^ transforms B^G^G^ into 
B^G.G^, it follows that the substitutions of G^^ transform B^G^G^ only 
into' B,G,G„ B,G,G,G,G,, B^G.Gfifi,, ov B,G,G,G,G,Gfi,^ B^G,G„ 
where i = 1 , 2 , 3 , 4 . Hence B^ C^ G^ is conjugate only with B^ G^ G^ and 
B^GXJ^{^i=- 1 . 2 , 3 , 4 ) . Applying the transformation ( ^3 ^^ ) , we obtain the 
conjugates to Bj^G^G^. 

The substitutions of G^ fall into the following 16 distinct sets of conjugates: 

{/}; {G,G,G,G,}; {G,G,,GfiJ; {C,C,(» = 1, 2, 3, 4)}; 

{B,, B,G,G,, B,G,G^, B,G,G,G,G,}; {C,C„(i = l, 2, 3, 4)}; 

{B,G,G,, B,G,G^, B,G,fi,, B.G.GJ'^ {B,G,G,, B,G,G,{i = 1, 2, 3, 4)}; 

where ifc = 2 , 3 , 4 , while I and m denote the two integers left in the set 2,3, 
4 after the exclusion of h , the order of I and m being immaterial. 

Determination of all the self -conjugate subgroups of G^^ . 

7. If a self -con jugate subgroup II contains one G.G^, it contains them all 
and hence also every G^Gj{i, j = 1, 2, 3, 4), so that ZT contains G^^- Simi- 
larly, if i?^ contains one C,.C|,, it contains 6^^,^. If ^ contains G^G^., or B^, 
or B^G^Gj, it contains the respective commutative group 

{l)G'l={I,G,G„Gfi^,G,G,G,G,}, 

(8) Gl={B,, B,G,G,, Bfifi^^. B,G,G,G,GM = ^^ ^)U 

(9) Hl= {I, G,G„ G,G^, G,C,C,G,,B^G,G,,B,G,G,^,B,G,fi,,B,G,GJ. 
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If H contains one B^^ C^ C^ , it contains the group 

(10) H\^^{I, (7,a, C,C,C3C„5,C,C„5,C,C„(i,i=l,2,3,4)]. 
Hence the self -conjugate subgroups of G^^ are given hy the series 

(11) /, Q,= {I, C,C,C,C,}, Gl, Gl^Hl, G,,, 11^(^ = 2,8, 4), 

together with the groups resulting from the comhination of two or more of than. 
Now G^ is a subgroup * of all of order > 2 ; while (r* is a subgroup of (?* , 
-Hg, (tjj, Hl^, i?fg, i?"ig. Any two of the groups G^ combine into 

(12) G,= {I, C,C., C.C,C3C,(^i = l,2,3,4)}. 
Combining HI with either G^ or G^, we obtain the group 

(13) J^f,= {7, C,C., 0,C,C,C„B„B,C,C.,B,C,C,C,C,{i,j=l,2,S,4)}. 

The same group results from the combination of Gg with either G[ or G™; 
also from the combination of G^ with H^ . Combining H^ with either G'^ or 
(r", we get the group of all the substitutions of G^^ which leave f^ fixed: 

(14) G,,^{B„B,C,C.B,C,C,C,C,{t,i,j=^l,2,S,4)}. 

Combining any two of the groups Gl, Gl, Gg, or any two of the groups 
HI, HI, HI, we obtain (r,^- Combining G^^ with any one of the groups 
G^g , H^ , i?*g , we obtain the group 

(15) Jl = {/, qq, B„ B,fifi. {i,j=0, 1,2,3, 4, 5; i>^)}. 

The same group results from the combination of H^^ with either G^ or H^. 
Combining Hl^ with either (r* or H'^, we obtain the group 

(16)^3^={/, C,C., C,C,C,C„B^,B,C,C.,B,C,C,C,C„B,C,C„B,C,C,] 

(i,i=l,2,3,4; ^=2,8,4; t+k). 

We have now combined the groups (11) by pairs in every possible way. 

The groups G'l, Gl, G^, G^ all lie in each of the five new groups (12)-(16), 
while Gg lies also in (tj^ and H^^ , Now G^ and H^ lie in J'[^ , G^^, J^^ , H\^ , 
but neither lies in J\^, J\^,H\^. Also G^^ lies in every J\^, but not in G^^, 
nor in any H\^ . Finally, H^^ lies in J^^ , H'^^ , H^^ , but not in G^^, JI2 1 H^^ . 
We have therefore to consider the following compositions : 

^Gl,G,) = {Hl,G,) = J\„ {Gl,J[,) = {Hl,J[,)=G,,, 

( Gl, JU) = {HI, Jl,)= G,„ ( Gl, HI,) = (HI, HI,) = G,„ 



* Hence the self-conjugate subgroups may also be determined from a study of the quotient- 
group GeJGj. 
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( ^16' '^u) — =^32' ( ^16' ^32) = (w^l6' -^32) = (-^16» ^32) = ^64' 

(-^W' ^^16) = "^32' (^16» '^le) = ^32» (-^16' =^32) = (^16» -^32)= ^M' 

noting finally that any two of the groups G^^, J\^ , H'l^ , ^32 combine into G^^. 

Theorem. The group G^^ contains, in addition to itself, exactly the 26 self- 
conjugate subgroups given by formulce (11)-(16). 

Corollary. The only subgroups of order S2 of G^ are 

6^32"^32'^32 (fc = 2, 3, 4). 

Remark. Any three groups marked with the aifix k(k = 2,S, 4) are con- 
jugate in Oq . No two of the groups Jf^ , U^^ , G^^ are conjugate in O in view 
of the number of sets of conjugate substitutions in each (§§ 8—10). 

Determination of all the self-conjugate subgroups of J\.^ . 

8. Proceeding as in § 6, we readily find that the substitutions of J\^ fall into 
the following 14 distinct sets of conjugates : 

{/}; {C,C,C,C,}; {C,C,}; {C,C,]; {C,C,, C,C,}; {C,C,,C,0,}; 

{B„ B,C,C„B,C,C„B,C,C,C,C,}; {B,C,C,,B^C,C„B,C,C„ B,C,C,}; 

{B,C,C„B,C,C„B,C,G„B,G,C,}; {B,C,C„B,G,C„B,C,C„ B,C,C,}. 

If a self -conjugate subgroup IT contains C, C^ or (7, C^ , it contains the group 
Gl or the group Gl , respectively. If IT contains Cj C^ or C^ C^ , it contains 
one or the other of the commutative groups 

(17) K,= {I,C,C„C,C„C,C,\, K:={I,C,C„C,C,,C,C,}. 

If H contains C^ C^ C^ C^ or C^ C^ O^ C, , it contains one or the other of 

K'^ = {I, C^C^C^C^, C^G^CJJ^, G^G^}, 
(18) 

K'l' = {I, G^C^GfJ^, G^C/J^G^, CjOj}. 

If ^contains B^, it contains G\. If ^contains B^G^G^, it contains jET^ . If 
^contains B.fi^G^ or B^G.fi^, it contains the respective commutative group: 

(19) K^= {/, G^G^, G^G^, G^G^G^G^, B^G^G^, B^G^G^, B^G^G^, B^C^G^}, 

{20)K',= {I,G,G„G,G„G,G,G,G„B,G,G„B,G,G„B,G,G„B,G,G,]. 

Hence the self-conjugate subgroups of t/^^ ^re given by the series 

7, G„ G',= [I, G,G,], G';= {/, G,G,], G\, G\, 
^^^^ A- , K[ , K':, K'l ', G\,H\,K,, K'^, 
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together with the groups resulting from their composition. Now 

(G^2' ^2) = (^2» ^2') = (^2' G'l)= G-\. 

Also, G^ lies in every G\, G\, H\, K^, K'^; {G„ KJ and {G„ K'J give 

(22) Gs= (•^) C'i<^3> CjC^, C^C^C^C^, C^C^, C^C^, C^C^, C^C^}, 

(23) 6^3'= {/) C'jCj, CjC^, C^C^C^C^, G^C^, C^C^, C^C^, C^C^}, 
respectively. Also, 

(G„K:')=G;',{G,,K':')=G'„{G'„Gl) = {G;,Gt)=G„ 
(G^2 ' -S'i ) = G'/ , {G'^, K'^ ) = G^g', 
while G^; lies in K,, K'^\ G\, H\, K^, K'^, G'„ G',', G,. Since 

r* n /^ /y r< n ri n 

O^O^ — '-'1^3 ^1^2^3^4' 

nothing new results from a combination by G'^^ By § 9, the groups 
G\, G\^ G\i G\^ H\ and G^ combine to give only the additional group t/J^ . 
Now G\, G\ or G^ combine with any of the groups K^,K[, K'^, K[" , G'^, G'^' 
to give (?jg . Combining Gl or G^ with either K^ or IT'^ , we get 11^^ . Com- 
bining G'l with either K^ or K'/', we get G'^ ; Gl with either K[ or ^^', we 
get G'g'. Now G^f is a subgroup of K^, K\, Gg, G'^ and Gg. Next, IT^ with 
^; or ^;' gives G,„ K\ or ^;' with K';' gives G^,,, ^, with K'l' gives G^;, 
^^ with K'^ gives G^^'. Next, {K^, G\) and (^^, G*») are respectively 

"^ U,<7,(7„5,C3<7„i?,C7,0'„,5,<73C„(^ = 1,3)1' 

(25) G^:; = 5-'G^;,i?,. 

Also, K'l with G^3 gi^eg g?-^ x'^' with G^^^ gives G^;,, ^, and K'^ with ^^ 
give 

-^16= {-^» C'jCg, (72^4' ^i^'aCjC^, CjCj, C3C5, CjCg, C^C^, B^C^C^, 

B,C,C„ B,C,C„ B,C,C„ B,C,C„ B,Cfi„ B,C,C,. B,C,C,}, 

(27) H';^ = B-^H[^B,, 

respectively. Next, K'^ with H\ gives ^;;, K'^' with ^» gives -5";^, 

Interchanging the subscripts 1 with 2 and 3 with 4, we obtain as the compounds 
of K'^ with K^, K[, K';, K';\ the groups H[^ and H';^. Next, 

( G^^ ^3) = G^;„ (G^^ ^;) = G^;;, (i73, jTj = ^;;, (^3^ ^.) _ ^^^^ 
{K,.K'g) = H\,,{G',:G\)=G\,,{G',,H\) = H\,,{G':.G\)^G';,, 
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and {O'^' , HI) = H['^- Finally, a combination of a group of order 16 with a 
group not a subgroup of it evidently gives J^^ . 

Theorem. TTie group J^^ contains exactly 26 self-conjugate subgroups : 

I, G^, (?2, G'^', Gl, Gl, G^, -fi^, J^l, K'l, K'l\ G\, H\, 

TT W C n' C" C C C ' TJ' TT" T^ TT^ T^ 

-"■%•' -^8' "^8' "-'"s' ^S 1 ^K1 ^16' ""16' -'-' 16' -" 16' " 16' ''^ 16' " 32* 

Corollary. There are exactly 1 subgroups of order 16 of J\^. 

Determination of all the self -conjugate subgroups of II\^ . 

9. Its substitutions fall into the following 11 distinct sets of conjugates: 

{/}; {C^C^C^C^]•, {CjC^, C^C^}; {CjCg, C^C^}•, {C^C^, C^C^]; 

{B^C^C^, B^C^C^, B.^Cj^Cg, B^C^C^}; {B^C^C^, BJJfi^, B^C^C,^, B^G^C,^]; 
{B,C;C„B,C,C„B,C,C,;B,C,C,};{B,C,C,,B,C,C,,B,C,C,,B,C,C,}. 
Forming the group generated by each substitution and its conjugates, we get 

/, (tj, Gl, Gl, G\, Gl, HI, H\^, H\^, H\^, H\^, 
respectively. Combining two or more of them, we obtain the additional groups 

/2 Ti TTi 

"^8' " 16' '"32' 

Theorem. The only self-conjugate subgroups of H\^ , aside from itself 
and the identity, are G^, Gl, Gl, G\, Gl, HI, G^, H\^, H\^, J\^. 
Corollary. There are exactly 3 subgroups of order 16 in Hl^. 

The self-conjugate subgroups of G^^. 

10. Its substitutions fall into exactly 17 distinct sets of conjugates. Indeed, 
aside from the self-conjugate substitutions / and Cj C^ C.^ C^ , any substitution 8 
is conjugate only with itself and 8C^C^C^C^. Now every substitution of G^^ 
is of period 2 except identity and the following 12 : 

the square of any one of which is C^Cfi^C^. It foUows that, if 8 ranges over 
a set of 15 substitutions obtained by taking one and only one of each pair of 
conjugates within G^, the groups 

(28) /, G,= {I, C,C,C,C,}; Kl= {I, C,C,C,C„ 8, 8C,C,C,C,} , 

together with the groups resulting from their composition, give all the self-con- 
jugate subgroups of G^. 
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It is more convenient to proceed by a different method. From what precedes, 
the quotient-group Q^^ = G^^/ ^2 ^^ * commutative group all of whose operators, 
aside from the identity, are of period 2. The quotient of 

(16 -l)(16-2)(16-4) by (8 - 1)(8 - 2)(8 - 4) 

gives 15 as the number of subgroups of order 8 of Q^|^. Likewise, it contains 
35 subgroups of order 4 and 15 of order 2. To every self-conjugate subgroup 
of (?32> necessarily containing C-^C^C^C^ (as shown above), there corresponds 
an unique subgroup of Q^^ , and inversely. We may thus readily obtain all the 
self-conjugate subgroups of G^^. Those of orders 1, 2, 4 are given by (28). 
We desire in particular those of order 16. 

Denote by a, 6, c, c? a set of generators of (^^^. As generators of its 15 
subgroups of order 8 , we may take 

(a, 6, c); (a, 6, d^\ (a, c, d); (6, c, d); (a, h, cd); 

(a, c, bd); (a, d, be); (^h , c, ad); {b, d, ao); (^c, d, ab); 

(a, bd, cd); [b, ad, cd); {c,ad,bd); (d,ac,bc); {ad,bd, cd). 

For the generators of Q^^ we may take 

a = C,C„ b = C,C,, c = B^, d = B„ 

understanding in this section that S and SC^C^C^C^ are identical operators. 

The analytic substitution (fifjfj) transforms the group (o, b, c) into 

{C,C^, C,C„ B,)= {ab, a, d) = (a, b, d). 

Likewise, (fjfjf ^) transforms (a, b, c) into 

(C^C„ C,C,,B,) = {b, ab, cd) = a,b, cd). 

As shown in § 11, 6?^ contains a substitution S which transforms 

C,C„ C,C„ B„ B,C,G, into B,C,C,,B,C,C„ C,C„ B,C,C„ 

respectively. Hence 2 transforms a into abed, b into ad, c into a, d into ab. 

It follows that S transforms (a, b, d) into (abed, ad, ab), identical with 
(ad, bd, cd), and transforms the latter into (cd, bd, b)= (b, c, d). Again, 
2 transforms (a, b, e) into (a, d, be), and the latter into (c, d, ab). Also, 
2 transforms (a, b, ed) into (b, e, ad), and the latter into (a, c, d). 

Hence the following 9 groups are conjugate within Ga '• 

(a, b, c), (a, b, d), (a, b, cd), (ad, bd, cd), (b, c, d), 
(a, d, be), (e, d, ab), (b, c, ad), (a, c, d). 
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It is next shown that the remaining 6 subgroups are conjugate. Now CjC^, 

which transforms B. into B.C. C, transforms 

I tit' 

(^a,c,bd) into {a , cb ^ hda') ■= (^a , hd , cd) . 

But 2 transforms (a, hd, cd) into (b, d, ac), and the latter into (c, ad, bd). 
Again, C^C^ transforms (c, ad, bd) and (b, d, ac) into respectively 

{B,C,C„ B„ B,C,C,) = {d, ac, be), 

{C^C„ B,C,C„ B^C.CJ = (b, ad, cd). 

To the representatives (a, 6, c) and (a, c, 6c?) of the two sets of conjugate 
subgroups of G^^ , we adjoin C^ C^ Cj C^ and obtain respectively 

(C'lCj, O^C^, B^, C^C^C^C^) 

= {B„B,C,C,,B,C,C,C,C,{i,j = l,2,S,4; t = l,S)}, 

{C,C„B„ C,C,B„ C,C,C,0,) = F,^, 

the former being J\^ and the latter defined as follows : 

Theorem. Within 0^ the 15 subgroups of order 16 of G^^ are conjugate 
with the grmips J\^ and i^j^, the latter being not conjugate (§ 13). 

11. Theorem. The group 0^ contains one and but one substitution of 
periods which transforms B^C^C^ into itself and transforms CjC^, C^C^, 
B^ into B^C^C^, B^C^C^, G^G^, respectively. 

If S is commutative with {B^G.^GJ'= G^G^Gfi^, it replaces ^^ by ± ^^ 
(§ 25). Denoting the matrix of /S by ( a^.) , we find that ^3 G^ G^S = SB^ G^ G^ 
leads to the conditions : 



«31 = — '^13' "^32 = «14' «33 = «11 ' <*34 = " «12 ' «« = «23' «« = " «24 ' 



Hence S is commutative with B^Gj^G^ if and only if it has the form 



/S' = 



«11 


«12 


«13 


«U 





«21 


«22 


'^23 


«24 





-«13 


«14 


«11 


-«12 





«23 


-«24 


-«21 


«22 

















±1 
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The conditions for C^C,8' = S'B^C.C^ are 



11 



The conditions for C.C^S' = 8'B^C^C^ and B^S' = 8' G^C^ then reduce to 



1 


1 


1 


1 


2 


2 


^ 


2 


1 


1 


1 


1 


2 


2 


2 


2 


1 


1 


1 


1 


2" 


~2" 


~2" 


2 


1 


1 


1 


1 


2 


2- 


-2- 


— 2 















"^21 — "'ll ' "^22 — "'u • 

The resulting substitution is orthogonal if and only if 4ajj = 1. Its determi- 
nant is =h 16a*j . Hence must ± 1 equal + 1 . With these conditions satisfied, 
8' = 8'~ if and only if otjj = — J. Then 8' becomes 

01 


^— 5"2"2" 2" ^ 



1 

It has been shown that S belongs to the group of all orthogonal substitutions 
of determinant unity. It remains to show that 2 belongs to Oq . For ^^ = 3 , 
2 = TF^djIs ^4) and hence is in Oq . For p" = 5, 

and hence belongs to Oq . For ^" = 11 , we find that 

2=OJ;3-^Of;,-«(|,f3l4)0?;r'0?;3-'(f,f3f4)C3C,(Oi;i(^;|f(|,fj3)^2C4, 

and hence belongs to Gq . 

We next treat the general case in which — 1 is the square of a mark i of the 
G^Ip"^, proceeding as in Linear Grou2)s, pp. 179-180. Making the trans- 
formation of variables there defined, we find that 2 becomes 





Y Y Y Y Y Y 

■* 12 -^13 -* U -'23 -^24 -* 34 


ru = 


1/4 (l + i)/4 -*74 -i/4: (l-i)/4 3/4 


^n = 


(-l-fi)/4 (-l-*)/2 (l-i)/4 (l-i)/4 (l-i)/4 


^u = 


-i/4: (_l_i)/4 1/4 -3/4 (l-i)/4 i/4 


^;3= 


-i/i (_i_i)/4 -3/4 1/4 (l-i)/4 i/4 


^^4 = 


(_l_i)/4 (-l-i)/4 (-l-i)/4 (-l+i)/2 (l + i)/4 


^;4= 


3/4 (_l_i)/4 i/4 i/4 (_l+i)/4 1/4 
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This substitution is found to be the second compound of 

(l-»)/4 (l-i)/4 (3 + *)/4 (-l + i)/4i 
(_l_;)/4 (l+^)/4 (1 + 0/4 (3-i)/4 

(3 + i)/4 (-1+0/4 (1-0/4 (1-0/4 
(1 + 0/4 (3-0/4 (-l-*)/4 (l + ^)/4 J 

which is a special abelian substitution. Hence 2 belongs to O^ . 



Determination of all the self -conjugate subgroups of J\^. 
12. Its substitutions fall into the following 10 distinct sets of conjugates : 

{/}; {C,C,C,C,}; {C,C,}; {C,C,}; {C,C,, 0,0,]; {C.C„ C,C,}; 

{B„B,C,C,C,C,];{B,0,C„B,C,C,}:{B,C,C,,B,0,0,};{B,0,C,,B,C,0,}. 

The only substitutions of period 4 are B^C^C^, B^C^O,, B^O^O,, B^O^C^. 
The self-conjugate subgroups of J\^ are 

(30) 7, G^, <y;, (?;' , G\, G\ is=--B„ B,c,c„ b^c,c„ b,c,c,) 

together with all their combinations. Now G^ lies in all these groups of order 
> 2. As shown in §§ 7-8, the groups G^, G'^, G'^, G\, G\ combine to give 
only the additional groups G\ and G^ . Either G'^ or G'^ combines with K^, for 
8=B^ov B^C^C, to give Gl- Either G'^ or Gl combines with A'f for 
S=B,0^ C^ or B^ Cj C, to give HI . Combining ITf and ITf for the foUow- 
ing pairs 

{S, S') = (^3, B,C,C,), {B,0,0„ B,0,0,), {B,, B,C,0,), 

(B,, B,C,0,), (B,0,C„ B,C,0,), {B,C,C„ B,0,OJ, 

we get the respective groups Gl , Ifl , J^, J'^, J"^ , J"^ , where 

(31) 7g={7, CjCj, OjC^, C^O^O^C^, B,, B^O^O^, B^O^O,, B^C^C^C^O,], 
(32)5/3= l-^' ^1^0 C2C3, O^O^C,C,,B^, B^C^C,, B^C^C.^, B^C^O^O^O,], 

(34)7;"= {7, C.<7„ C,C„ C,C,C,C,, B,C,C,, B,C,C„B.^O,0„B,C,C,}, 

each of the groups J being non-commutative. Finally Gl combines with the 
four ^*, in order, to give J^, J^, 7g", 7g" ; while G\ combines with them to 

give7;, J";, 7;', 7;. 

Theorem. The self-conjugate subgroups of J\^ are the groups (30)-(34), 
together with G\, Gg, G^, SI , J% . 
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Corollary. The only subgroups of order 8 of Jl^ are G^, Gl, III, 
J^, «/g, «/g, «/g", of which the first three only are commutative groups. 

Determination of all the self -conjugate subgroups of F^^. 

13. Its substitutions fall into the 10 distinct sets of conjugates 

{B,,B,C,C,C,C,};{B^C,C,,B^C,C,};{B,C,C,,B^C,C,};{B^C,C^,B^C,C,}. 

Since B^ C^ C^ is of period 4, it follows that F^^ and J\^ are not isomorphic. 
The self -con jugate subgroups of F^^ are the groups 

(35) 7, G^, C^={B^C^C^), G%Kl (s=bac„ b,, b^c,, b^c,c.„ b^c,), 

together with all their combinations. Now G.2 lies in all those of order 4. 
Combining (7, with the last six groups (85) in turn, we get the commutative 
groups HI, HI, F^, F'„ F^, F'^, where 

(36)7;= {I, C,C,C,C„ B„ B,C,C,C,C„ B,C,C„ B,C,C,{i = 2, 4)}, 

(37) F',= {I, C, C, C, C„ B, C, C„ B, C, C„ B, C, C„ B, C, C„ Bfi, C„ B, Cfi,). 

Combining every pair of the TT^. we get F^, F'^, J^ and F\ each one, and 
F"^ and F"^ each three times, where 

(38) F", = {I, C,C,C,C„ B„ B,C,C,C,C„ Bfi,C„ B,C,C,{i = ^, 4)}, 
{%1i)F;={I,C,C,C,C„B,C,C„B,C,C,,B,C,C„B,C,C„B,C,C„B,C,C,}, 
{iO)Fl = {I, C,C„ C,C„ C,C,C,C„ Bfi,C„ BfiC,, Bfi,C„ Bfifi,). 

Finally, G\ combines with the K\, in order, to give H\, J^,J^, F\, F\. 

Theorem.* The. self -conjugate subgroups of F^^ are the groups (35)-(40), 
Hl,J^,FlandF,,. 

Corollary. The group F^^ has exactly 7 subgroups of order 8. Of them 
H\, F^ and F'^ are all commutative groups, while J^, F*^, F'g and F'^' are not. 

Determination of all the self-conjugate subgroups of H\^. 

14. Its substitutions fall into the 10 distinct sets of conjugates: 

{/); {C^C^C^C^]; {C^C^}; {C^C^]; {C^C^, C^C^}; {C^C^, C^C^}; 

{B,C,C„ B,C,C,} (i = i,2,3,4). 

It contains exactly 8 substitutions of period 4 : 



* Another proof may be baaed on the quotient-group, Fi^jGi, which is a commutative group 
all of whose operators aside from identity are of period 2. 
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B^C^C^, Bfi^C^, B^C^C^y B^C^Cf^ (whose squares are C^C^), 
and 

B^C.^C^, B^C^C^, B^Cfi^, B^Cfi^ (whose squares are C^C^). 

Hence H\^ is not isomorphic with J\^ . Having its self -con jugate substitutions all 
of period 1 or 2, it is not isomorphic with F-^^. 

The groups /, G^, G'^, G'^, G\^ G\, K^, K'^, together with their combina- 
tions, give all the self-conjugate subgroups of H\^. Proceeding as in § 8, we 
find that the only additional groups are G\, G^, H\^. 

Theorem. The only self -conjugate subgroups of H\^, aside from itself and 
identity, are G,, G',, G",, G\, G\, G\, K^, K'^, G,. 

Corollary. The only subgroups of order 8 of .H\^ are K^, K'^ and G^. 

The fifteen subgroups of order 8 of G^^ . 

15. Since all the substitutions, except identity, of the commutative group G.^^ 
are of period 2, it contains exactly 15 subgroups of order 8 (see § 10). Since 
there are but 5 products each of 4 of the C7., any subgroup of order 8 contains 
at least two C^ C. . Transforming by a suitable even substitution on ^^ , • • • , |j » 
we may take Cj Cj as the first generator. Suppose first that there is present 
at least one further C^ C^ or one C^ C. . Transforming C, C^ by a suitable 
power of ( ^2 ?4 ^5 ) ' ^® obtain as first and second generators Cj Cg and (7j C^ - 
The only resulting groups are 6^^ of § 7 and 

, -^8 = ( -^' ^1 ^3 ' ^1 ^2 ' C'a C'j , C, Cj , Cj Cj , C^ Cj , Cj Cj C^C^}, 

]Vg= [I, C^C^, C', Cj, C^C^, G^Cr,, C^C^CfJ^, C^CJJJj^, C^CfiJJ^] . 

Suppose, however, that there is present no C^C^ and no CjC. other than C^C^. 
Then there must occur one of the following three: C^C^, G^C^., C^C^. But 
(^2 ^5 ^4) transforms C^C^ into C^C^ while {^2^i^i) transforms C^C^ into 
C.^C^. Hence we may take C^^C^ and C^C^ as the first and second gener- 
ators. The group does not contain C^CJJfi^ or Cfi^Cfi^, not having C^C^ 
or C^C^ by assumption. Hence the group can contain only the 8 substitu- 
tions forming G"^ of § 8 . 

Now (f2^4^5) transforms G^ into M^. Also {^^^^^s^a^i) transforms G'^ into 
i\^j. Finally, G^, which contains a single product of four C^, is not conjugate 
under linear transformation with G'^, which contains three products of four C^, 
since a product of two C. and a product of four C^ have different characteristic 
determinants. 

Theorem. Within O^ every subgroup of order 8 of G^^ is conjugate with 
Gg or else with G'^, while the latter are not conjugate. 



(42) 
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AH the self-conjugate subgroups of G\^. 
16. Its substitutions fall into the 10 distinct sets of conjugates : 

{/}; {C,C,C,C,]; {C,C,]; {C,C,]; {C,C,. C,C,]; {C7.C„, C,C,]; 

The only substitutions of period 4 are the four in the last two sets. Hence 
G\^ is not isomorphic with H^^ ; also, evidently not with F^^ . Since B^ C, C^ 
has the characteristic determinant (1— /3)(l + p)^(l + p-), while the four 
substitutions B^ Cj C^ , etc., of period 4 in J^^ have the characteristic determinant 
(1 — /3)(1 + p^)^, the groups G'y^^ and J^^ are not conjugate under linear trans- 
formation. 

The self-conjugate subgroups of Q'^^ are all given by 

(41) 7, G,. G',, G;,K„K:\ Cl = {B^C,C,), Cl = {B,C,C,), 

iir:={I,C,0„B,,B^C,C,}, 

' Kr={I, C\C„B,C,C,,B,C,C,C,C,}, 

together with their combinations. Now G'^^ {I, C^C^ } is a subgroup of all of 
order 4 . By § 8, any two of G^., G'^, G\ generate G\ , while G^ with either 
K^ or K'^ gives G'^ . Also G'^ with either JT^ or II'^' gives G'g . Either G^ or 
G'^ with either Cf or C^ gives ^g. Either G.^ or G'^ with either ^ or £:" 
gives Gl . Next, ^^ with either O^ or ^* gives 

(43) L^= {I, C,C„ C,C„ C,C„B„B^C,C„B,C,C,,B^C,C,}. 
Also, IT^ with either C^ or _fir" gives 

(44) i;= {7, C,(7„ C3C,, C,C„B,C,C„B,C,C„B^C,C„B^C,C,}. 
Now ^^"' with either C^ or ^^* gives 

(45) Tg= {7, CjCj, CjCj, CjCj, ^3, B^C^C^, B^C^C^, B^C^C^} . 
Again, IT'^' with either C^ or IT^ gives 

(46) r; = {7, C,C„ C,C„ C,C„ B,C,C„ B,C,C„ B,C,C„ B^C.C,]. 
Finally, we have the relations 

(o:, Ki) = 7;, {CI, KD = L'„ {k:, k:*) = gi. 

Theorem. The self -conjugate subgroups of G[^ are the groups (41)— (46) 
andGl, G'„K^, Gl, G[,. 

Corollary. The subgroups of order 8 of G[^ are L^, L'^, T^, T^, G'^, 
K , and Gi. 
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All the self-conjugate subgroups of H[^. 

17. Its substitutions fall into the following 10 distinct sets of conjugates : 

{/}; {C,C,C,C,}; {C,C,}; {C,C,]; {C,C„ C,C,}; [C,C,, C,C,}; 

{B,C,C,, B,C,C,}; {B,C,C„ B^C.CJ; {B,C,C,, B,C,C,}; 

{B,C,C,,B^C,C,}. 

Only the last 8 are of period 4, so that II[^ is not isomorphic with G[^ , G^^ , 
or J\^ . It is not conjugate with F^^ in view of the periods of their self-conju- 
gate substitutions; Finally, II[^ and II\^ are not conjugate * within 0^ since 
they are self-conjugate only under J^^ and G^, respectively (§§ 31, 46). 

Theorem. The only self-conjugate subgroups of H[^ are I, G^, G'^, G\, 
K^ , Jf 2', H\ , K'^ and the groups G\, G'^, Hy^ , resulting from their combination. 

Corollary. The only subgroups of order 8 of H\^ are H\, K\, G'^. 

The non-conjugate subgroups of orders 8, 16, 32 of G^. 

18. There are 3 distinct sets of conjugate subgroups of order 32 in Oq, 
representatives of which are J\^ , H^^^ , G^^ (®^*^ of § 'i') > 6 distinct sets of order 
16, represented by G,,, G[„ H[,, J\,, H\,, F,, (§§8-17). These 6 have 
only the following subgroups of order 8 : G^, G'^, G'^, Gl, JIl, JIl, J^, J'^, 
j;, j;', F^,F;, F;, F;', F;, K^, IT'^, L^, L'^, T^, T'^, together with sub- 
groups of G^jg conjugate with Gg or Gg (§§ 12-17). 

Now B^= i^i^iJi^i^i) transforms G'^ into G'^, and transforms^ into JT'^; 
C^C^ transforms J^ into J'^', and J'^ into J'^ ; {^^^i^s) transforms J'^ into Fl • 
2 transforms J^ into Fl, F^ into HI, HI into F'^, and F'^ into J^. Finally, 
C^C^ transforms ig into Zi'^, and T^ into T'^. Hence the above 21 groups are 
conjugate within O^ with the following : 

(47) Gg, G;, Gl, J„ L„ T„ HI, K„ F";. 

The numbers of substitutions of period 4 in these groups are respectively 

0, 0, 0, 2, 2, 2, 4, 4, 6. 

In the first place, no two of the groups J^, L^, T^, having exactly 2 substi- 
tutions of period 4, are conjugate under O^. Indeed, the two B^C^C^ and 
B^C^C^ of Jg have the characteristic determinant (1 — p)(l -\- p^y, while the 
two ^3 Ci C, and ^3 C3 C, of Lg and the two B^ C, C„ and B^ C^ C„ of T^ all have 

* Another proof follows from Lemma I, § 22, taking < = 5 , since S transforms C, CjCsG, into a 
substitntion of G^^ only if it replaces some fr by ±^5. Then r = 5, since /S must transform 
C^C^ and CjC^ amongst themselves. Hence 8 replaces fj by ± fj and cannot transform CiCj or 
C^C^ into a substitntion involving fj. 
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the characteristic determinant (1 — /))(l + jo)^(l+/3^). Moreover, the five of 
period 2 in L^ all have the characteristic determinant ( 1 + /) )^ ( 1 — p )^, while 

In the second place, the groups H\ and K^ are not conjugate, since the four 
of period \ in H\ have the characteristic determinant (1 — /9)(l+/o^)^, while 
the four of period 4 in K^ have (1 - /3)(1 + py{\ + p"). 

Finally, no two of the groups G^, G'^. Gl are conjugate within O^- Indeed 
all the substitutions except / and C^C^C^C^, of both Gg and Gl have the de- 
terminant {l + py(l-py, while 0,C,C,C„ 0,C^ and (7,(7„ of G; have the 
determinant (1 + p)\l — p), only four of G'^ having (1 +/3)^(1 — pY- To 
show that Gg and Gl are not conjugate under 0^ , we note that ( § 34 ) G^ is 
self -conjugate only under G^g^ and (§32) Gl only under i^i^j* while (tj^j con- 
tains a single subgroup G^^ of order 64, and If^g2 three subgroups of order 64. 

Theorem. Within O^ every subgroup of order 8 is conjugate with one and 
hut one of the nine groups (47). 

The subgroups of order 4. 

19. The commutative group G^ of substitutions of period 2, aside from 
identity, has exactly 7 subgroups of order 4. Any such subgroup contains at 
least two CC. Transforming by a suitable even substitution on ^1,^2' ^3' ?4' 
we may take C^ C^ as the first generator. It contains a second C^ C. of the form 
Cj'Cj, C^G^^ or CjC^, so that the groups are G\ or 

G-i= {/, C'jCj, CjOg, CjCj}; (r^ = {/, C'jCj, C^C^^ ^i^4}' 

Now ^2 transforms G^ into (r*, and (fj^jf^) transforms G\ into ^^. But 
G\ and ^^ are not conjugate in view of the characteristic determinants of their 
substitutions. 

Each of the 7 subgroups of order 4 of G\ contains at least one C^ (7. . Now 
{ii^i^i) transforms Cfi^ into CjC^, while (fafsfi) transforms C^C^ into 
CjC^, each transforming G\ into itself. As first generator we may therefore 
take CjCj or C^C^. The resulting groups are G\, K[, K\^ and 

G^;= {/, C.C3, (7,c„ c,c,c,c,). g:=={i, C,C,, C,C„ C,C,C,C,}, 

the latter being transformed into the former by B^. But (fifj^^) transforms 
G'^ into (r^, while B^ transforms IC'^ into I^'^ . 

The commutative group G^g of substitutions of periods 1 and 2 has exactly 7 
subgroups of order 4. Now C,C„ C,C„ C,C„ -^i^JJ^), ^{^,U,)B, 
transform Gl into itself and, in particular, transform B^ into B^C^C^, B^C^C^, 
B^C^C^C^C^, C^C^, P^C^^ respectively. Hence we may take C^C^ as the 
first generator of a subgroup of order 4 . The group is therefore G\ or else it 
contains one of the substitutions B^, B.^C^C^, B^C^C^, B^C^C^C^C^. Now 

Trans. Am. Math. Soc. 8 
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tively. Hence the resulting groups are conjugate with IT* of § 16 . Its sub- 
stitutions, other than identity, have the characteristic determinant ( 1 — p)* ( 1 + /a)^, 
so that it is not conjugate with either Gl or IC'^'. But IT* is not conjugate with 
^; by §§ 38, 42. 

The group J^ contains a single cyclic group ( ^3 (7, C^ ) of order 4. It remains 
to determine the groups containing only operators of periods 1 and 2 . Since 
B^ transforms C^C^ into C^C^, we may take C^C^ or B^ as the first generator. 
The resulting groups are G'l and IT^^ of § 10. The latter is transformed into 

The group H^ contains only two cyclic groups of order 4 : C^ = (^gC,^^) 
and (^B.^C^C,^), the latter being transformed into the former by C^ C^ . The 
only further subgroup of order 4 is G^. 

The group F'^' has three cyclic groups of order 4: (B^C^C^), {B^C^C^), 
and {B^C.C,). Now {^M,) transforms B^C.C, into B^C.C,; (^.f,^,) 
transforms B^ C, C^ into B^ C^ C^ . 

The commutative group A^ contains the cyclic subgroups 

Cl = {B,C,C,), Cl = {B,C,C,), 

and a single further subgroup G\ of order 4. But C^C^ transforms C\ into 
C\ . Now CI , whose substitutions of period 4 have the characteristic determi- 
nant (1 — /))(1 -f/3)^(l-f/»^), is not conjugate with C', for which the corre- 
sponding quantity is (1 — p) {1 + p^Y . 

The group L^ contains a single cyclic group CI and but two further groups 
of order 4 : ^* and IT^ . Now B^ transforms JT^ into JT'^ . 

Finally, T^ contains C", -ff"*, -K'^', but no further groups of order 4. 

Theorem. Within 0^, every subgroup of order 4 is conjugate with, one 
and hut one of the six groups G\ , K[ , K\ , K"l, 

(48) C\ = {B^C,C,), Cl = {B,C,C,). 

The subgroups of order 2. 

20. There are exactly two distinct sets of conjugate operators of period 2 
within the simple quaternary abelian group (Linear Groups, p. 105). The 
same consequently holds for Oq. As representatives belonging to G^^, we may 
take C^C^C^C^ and C^C^, which generate the groups G^ and G'^, respectively. 

Theorem. Within Oq , every subgroup of order 2 is conjugate with G^ 

or G'^. 

Summary of the subgroups of order a power of 2. 

21. Representatives of each distinct set of conjugate subgroups of order a 
power of 2 within the group O^ , together with all their incidences, are exhibited 
in the following scheme : 
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Largest subgroups in which the groups of order a power op 2 
are self-conjugate, §§22-47. 

22. Lemma I. If, for ^" = 8? =1= 3 , a substitution of Oq transforms C„ C, 
into a substitution belonging to G^^^, , it replaces one of the variables by ± f , . 

6 

Let 8 have the matrix ( a.. ) . Then (7„ C, replaces ^^ a^ ^. by 

i=i 

- y a..?. + a.,f,= -y a..f. + 2a. I. 

J=l, . . ., 6 j=l 

Since the matrix of S~^ is (a.j), it follows that 



S-^C\C^S: 



f: = -f,+ 2a.,2:«i.f, (i=l,--',5). 



j=i 



Since 2 is a not-square, no one of the diagonal terms — 1 -f- 2a^^ of the latter is 
zero. But a substitution of Gg^ has a single non-vanishing coefficient in each 
row (or column). Hence must 

«««,•«= (i,i = l,---,5;J + t). 

Hence the product of any two of the five coefficients in the tth column of the 
matrix of S is zero, so that four are zero. It a^^ is the non-vanishing one, all 
the remaining coefficients in the rth row are zero in view of the orthogonal 
conditions. Hence S replaces f ^ by a^^ f ^ , where a^^ = 1 . 

Corollary I. If S transforms each C^, C,( ^ = 1 , 2 , 3 , 4 , 5 ) into a sub- 
stitution of Gg^, then S itself belongs to Gg^. 

Corollary II. If S transforms C^C^ into itself it replaces ^, by ± ^,: 
Indeed, — 1 -|- 2a;j = — 1 gives a^^ = (i=l,..., 5; i 4= ^), whence, 
by the orthogonal conditions, a^. = 0(^' 4= <). 
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Corollary III. If 8 transforms into itself a subgroup of Gg^^ which 
contains a single C^C^, then S replaces ^^ hy ± ^, • 

Indeed, 8 transforms CJ, G^ into a substitution in whose matrix each diagonal 
term is =j= . Since the latter must belong to G^^^ , it is a product of the C; . 
But C^ C. is not conjugate with C^ C, , since they have distinct characteristic 
determinants. Hence C^ C^ is transformed into itself. 

23. Lemma II. If a quinary orthogonal substitution 8 in any (xi^[p"], 
for which p" = SI ± S or 81 — 1, transforms each C^C^ {k, t = 1 , 2, S , 4) 

into a substitution replacing f^ by ± fg, then 8 replaces ^j by one of the vari- 
ables or its negative. 

Taking (a..) as the matrix of 8, we get for 8' = 8~^C^C^ 8: 

5 5 

i; = fi - 2«-, Z «,. I, - H, E «,-, I, ( i = 1, • • ■, 5 ) . 

The conditions that 8 ' shall replace f ^ by ± ^j are 

1-2«L-2<=±1, «5;t«,-* + «5««/<=0 (i = l,2,3, 4). 

According as the upper or lower sign holds, we have 

«L+< = ov < + <=!. 
In the first case, we have the five equations 

«54«y* + «««y< = (y=i,---,5). 

But not all the determinants of the second order of the matrix formed of the 
^th and <th columns of 8 are zero. Hence ol^^ = oi-^ = 0. If, in the second 
case, 35,= 0, then a^^^ 0, a.j,= (j= 1, 2, 3, 4), and ^'^ = a,^^^^,m view of 
the orthogonal conditions. 

Now, if every sum of two of the terms a^j, a^^, ol^^, ot.^^ equals 1, each term 
equals J , whence p" = Sl±l. Then 2 + a^j = 1 , so that p" = 81 + 1, con- 
trary to assumption. Let next one such sum equal ; for definiteness, 
«53+<=0- Then ag3=ag^=0. Since a^, + a^?, = or 1, a^^ = or 1. 
Likewise, 0.^^= or 1 . But al^-{- al^= or 1. Hence at least one of the 
terms a^j , a^^ vanishes. If both vanish, |g = a^. f ^ . If a^^ 4= , then oij, = , 
and ^j = «52^2' ^^ shown above. 

Corollary. If each transform leaves f 5 unaltered, 8 replaces f , by ±^^. 

24. Since the Cu<7,(^= 1, ■ ■ ■, 5) generate (?,,., it follows from Corollary 1 
to Lemma I that a subgroup of G^^^ containing G^^ is self conjugate within O^ 
only under a subgroup of G^^ . Now the only even substitutions on f j , • • • , f ^ 
which transform B^ ( ^ > 1 ) into itself are B^ = I, B^, B^, B^; while the only 
ones which transform B^, B^, B^ amongst themselves are those of the alternat- 
ing group on ^j, ^2' ^3' ^4- 
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Theorem. Within Oq , G^^ is self-conjugate only under G^^ , J^^ is self- 
conjugate only under G^^, while G^^is self-conjugate only under 

(49) 6^,,= U,^,C,c/„ ^,i=0,l,2 3 4 5;i>^ ^ 

^ ^ '■''■' [ ' ' ' ^ \-t^ ranging over even substitutions on ^^, •■■, ^^ J 

25. A substitution /S which is commutative with C^C^C^C^ replaces f^ by 
± ^. (Corollary II to Lemma I). By Linear Groups, p. 160, the number o£ 
quaternary orthogonal substitutions of determinant + 1 is 

(y>_jj»j(y'_ i)^j». 

Exactly one half of these belong to Oq ; for, S{^^^^)C^ is a quaternary orthog- 
onal substitution of determinant + 1 if >S' is, while one and but one of the two 
belongs to Oq . Hence the preceding number is the order of the subgroup of 
Oq commutative with C^C^C^C^. Another proof follows from the fact that 
C^Cfi.^C^ corresponds {Linear Groups, pp. 179-182) to the abelian substitu- 
tion 71,_i. The latter is commutative with exactly [_p"(^^" — 1)]^ abelian 
operators.* 

Theorem. Within Oq , G^ is self -conjugate only under Gpin^j^-i)^ . 

The last group can bo given a very simple form when ^" = 3 . Then 

«?i + «?2 + < + <=! (mod 3) (i = l,2, 3, 4) 



requires that one or four of the coefficients in each row of the matrix for S 
shall H= ^- I" 'lie former case, /S belongs to G^^^. In the latter case, CTF*' 
replaces ^j by X j=i ^v, ?• ' ^ being a suitably chosen product of an even number of 
the (7; ( J < 5 ) . Hence S = C IF^T , where T leaves ^j unaltered and replaces 
^. by ±^5, and therefore belongs to G^^. But W transforms C^C^ into 
B^C^C.a^C,, (7, into WC,, and C. into WB.C,C,C,C,C, for i = 2,'3,4. 
Hence S= IF^Tj, where Fj belongs to G^g^- Hence, forp" = %, the substi- 
tutions commutative with C^CJJ^C^furm the group 

(50) (?„^ = { r , TFT , TT^^ r ( r ranging over G,^)]. ' 

26. A substitution is commutative with B^C^C^ if and only if it has the form 
>S" of § 11. The orthogonal conditions on /S" reduce to the four : 

«1 1 + <1 + «'l3 + «u = 1 ' «11 «21 + «12 «22 + «13 «23 + «U «24 = ^ , 

(51) 

«2l + «22 + «23 + «24 = 1 ' " «13«21 + «14«22 + «11 «23 " «12«24 = ^ • 



* Transactions, vol. 2 (1901), bottom of p. 109. The number is the game for the qnotient- 
gronp of order 2 since Pvi transforms T\,—\ into K, _i= T\,—\ ■ Ti,—i T-i,—i. 
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If a^j + a^j =1= 0, the equations (51) in the second column give 

(52) a^l = '•«22 + S«24 ' «23 = ««22 " *'«24 ' 

where 

l'^q^ ^ ^13'^ 14- '^11^12 , _ - '^l- °'l4 -^12«13 ^2 , ,2 _ '^ U + « 14 . 

"ll T^ "l3 11 ^ 13 "ll T^ "l3 

It follows that 

3=1 "ll "T "l3 

The conditions (51) therefore reduce to (52) together with 

(54) al^ + al^ + al + al = l, a|, + a|, = a^^ + a^ . 

By Linear Groups, p. 46, the equation a^^ + a^^ = « has p" — v or 
^»_|_^»j,_j, sets of solutions in the GJPl^p"^, where v = ±l according as 
ja" = 4Z ± 1 . Hence there are p^ — ( 2p" + vp" — 2v) sets a^^ , ajj for which 
o(j| + a^g is neither nor 1. Each such set furnishes p" — v sets a^^, a^^ satis- 
fying a^2 -f a^^ = 1 — (a^j + otjj). Next, each of the p" — v sets of solutions 
of a^j + aj3 = 1 furnishes p" + p"i' — v sets a^^, a^^. Hence there are 

(ja" _ r)[(/" — 2p" —vp"+ 2v) + (p" +p''v — v)']={p'' — v){p^-' —p" + v) 

sets ajj , • • • , «j^ satisfying the first condition * (54) and a^^ -{- a^^ ^ 0. 
If otjj + a^g = 0, then a^^ -|- a^^ = 1 . The last equations (51) now give 

(52 ') a^= aa^^ + ^a^ , a^ = ^a^^ - aa^ , 

where 

«=-«n«12+«13«14' ^=-«12«13-«ll«H' 

Hence a\^ -\- 0^^^ = ^ . The condition (51) therefore reduce to (52') and 

(54') aj,+a^3 = 0, a?, + < = l, < + a^, = 1 . 

and hence have (^p" — v)"^ (^p'' + p" v — v) sets of solutions a. . 

The total number of sets of solutions of (51) is thus {p^ — vy(p^+p"v). 
The determinant of /S" is seen to equal 

± {(«f, + al, + al + a? J( a^, + < + a,\ + <) 

- ( «11 «21 + «12 «22 + «13 «23 + «U «24 )' " ( " «13 «21 + «14 «22 + «11 «23 " «X2 «24 )'} 

and hence by (51) equals ± 1 . The sign ± must therefore be taken + . 



* Since this has p*" — p" sets of solutions ( Linear Oroups, p. 47), we obtain a second proof. 
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For ^" = 3, only half of the resulting 96 orthogonal substitutions S' of de- 
terminant + 1 belong to O^ • These are seen to be 

(55) B„ B,C,C„ B,C,C,, B^C,C,C,C„ B.C.C,, B.C,C„ B.C,C„ B^.C,C, 

(i = l,4;i = 2,3) 

together with their products on the left by TF( f j f ^ f 3 ) and its inverse W^ ( f 3 ^3 ^^) . 
For p" = 5,it will be shown that exactly half of the resulting 480 orthogonal 
substitutions >S" of determinant + 1 belong to Ojj . Assuming first that 3 of the 
flj . are zero, we obtain the 16 substitutions (55) and 16 others not in Ojj. As- 
sume next that exactly one of the a^ . is zero. Then two of the a^. are + 1 
and one is — 1 , so that there are 12 types. For example,* take a^j = a^^ = -)- 1 , 
ajj = — 1 , ftj^ = . By (54' ) , a^^ -j- a^^ = 1 . Hence either a^^= 0, whence 
«22 = - «i2 «i3 «23 ' «24 = «ii «i2 «23 ^^J ( ^2 ' ) , Or olsc a^,= 0, whcncc 



In the respective cases, S' becomes 



S[ 



s: 





«11 


«12 «13 


», 







«22 «12«13'^22 «ll°'l3«22 ^ 


= 


-«13 


CC^, -«,, 




«12'^13'^22 


— '^ii'^i3'^22 a^2 







1 


«11 


0- 




'^11«12'*22 


^22 a„ai3«22 




-«13 


a„ -aj2 






- 


«11«13«22 «11«12'^22 «22 ^ 





/a,\ = af, = + l\ 
\ ai3 -= «23 = — 1 ' 



















(«11 «12 «2«= H" 1\ 



To show that none of the 16 substitutions S[ belong to Oq, denote 8[ by 
+ 1, a,3 = + 2 . According as a^j = -|- 2 or — 2 , we 



SI when a,j = a^^ 
have for S* 



^m^3^2ii{^2^i)^2^i-' **'* -^123^3-^234(^2^4)^3^4' 

neither of which belongs to O. Giving to {a^^, a^^, a^^) in turn the values 

(1,1, -2), (-1,-1, 2), (-1,-1, -2), (1,-1, 2), (1,-1, -2), 

*Note that one of the four S', B^S', B^OiC^S', B^C^C^iS' has 014= 0, while each is commnta- 
ti ve with ^3 Oj Q . Also, ( f 1 f 2 f 3 ) "S" has ajj = — 1, afj = «?3 = + 1 1 an<i belongs to On if and 
only if 6^' does. 
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-1, 1, 2), (-1, 1, -2), we find for S[: C,C,S\C,C,, C^C,8\C,C,, 

To show that all the l6 substitutions S'^ belong to O^i denote 8'^ by S\ when 
fljj = aj2 = + 1 , otjj = + 2 . According as a22 = + 2 or — 2 , we have for S\ 

-^123^2^5-^234^2^5' ^^ "^123 ^3 ^4 "^234 ^1 ^^4 • 

Giving to ( fltjj , cfij , (Zij ) in turn the values (1,1, — 2),(— 1, — 1, 2), 
-1,-1, -2), (1,-1, 2), (1,-1, -2), (-1,1, 2), (-1,1, -2), 

we find for 8'.^: C,C,8;C,C,, C,C^81C,C„ 81C,C„ C^C,S,C^C„ 

C< CI Q r^ ri CI f~i Q* ri c c ci q* 

Assume lastly that none of the a, . are zero. Then every a^ , = — 1 . By 

(54), a22 + '"L = ~ ^ ' ^° ^^^^ °'-li + "'L — ~ ^ (mod. 5). Hence every 
a^^.^-1. By(53)_, 

^= 2(«i3«u - «ii«i2)' s= 3(«„«u + «i2«i3)' rs = 0. 
Let first s = 0, so that a,^ = a^^a^^a^^, r = an^ij- By (52) we find for 8' : 



8'^- 







«I1<^I2<^13 





<^24 





-«12 





«22 








1 



Denote 8'^ by 8\ when' a^^ 
for ^3* 



+ 2. 



For a^^ =r a^^ = + 2 , we have 



For a„, 



^7 - G,C,(^U.^,)R,^C,C,R,^{^U,^,)R,^{i,U,)C,C,. 
= a^^=-2, 81= 8*;a,C,. For a,^ = 2, a^, = - 2, /S'J becomes 



For a^^= —2, a^^= + 2, 81 becomes 8l**C.^C^. Hence 81 belongs to O^ 
if and only if ot.22~ '"24 • Next, 8^ becomes C.^C^CIC^C^ when a^^ = a^^=2, 
a|2 = — 2 ; hence must a^^ = a^^. Again, 8'^ becomes C^C^8*^C^C.^C^C^ when 



— 2 , a, = + 2 , whence must a 



Also, /S';= *S'*CiC3 when 



a^^ = a^= — 2, aj3=— 2, whence must a22='''24* Denote /S, by \_a, ^~[ 
when ajj = aj2=2, a,3==— 2. Then [a, — y8] = C^ C^ /S'* (7^ (7, , whence 

:,2 = — 2 , a,3 = + 2 , ""^j -= [ « , /S ] C[ C3 , whence 



*24- 



must a„, 



must a^j == ~ % • 
whence must a„. 



For otj. 
For a 



— a, 



:,^ = 2, «,,= a,3=-2, ^;=C,(7,[-«, -/3], 
,, . Finally, 8',= C,C,i-a, - ^]C,C,, when 
oCjj = — 2 , (Zjj = ''^is = + 2 , whence must a22 = ~ '''24 • "^^ summarize, ,83 
belongs to Oq only when «22= + ^^24 ^^ '"11 = + "^w ^'^^i "'22— ~ ^24 ^^ '"a = ~ "'is' 
or briefly, only when a^^ = — a^^ a^^ a^ . 
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Let next r = 0, so that a^^ = — «ii«j2«i3f s = ^^u^ia- Then, by (52), 

«21 = '^U "'is «24 ' «23 = ^^12 «13 '^22 ' 

For a^ = a,2 = a^^ = 1322 = «24 = + ^ ' '^' becomes * 2 of § 11 and hence 
belongs to Oq. Hence, in view of the preceding case, the general S', with 
»• = , belongs to O^ only when a^^ =: — '''n '"13 ''^22 • 

We may combine the two preceding cases as follows : An orthogonal substi- 
tution S' with every Sj. =|= belongs to O^ if and only if 

(56) O!^! == a„ a,2 '^22 ' «23 = «11 '^U «22 ' ^^24=- «I1 «13 «22 ' 

Hence of the 480 orthogonal substitutions of determinant unity vihich are 
commutative with B^C^C^, exactly 240 belong to O^ forjf = 5. 

In the general case there are exactly J(|?" — v)(^p''"' -~\)p^ substitutions of 
Oq commutative with B^C^G^, where v=±\ according as ^" = 4^^=!. 
Indeed, /S, = ( f j I, ) Cj /S' is commutative with B^ C, C^ if 8 is, while only one of 
the pair ^S*, 8^ belongs to Ojj by §§ 3, 4. 

Now B^ transforms B^ C^ C^ into its inverse B^ C^ G.^ . 

Theorem. Within O^ i the group Gl = (B^ G^ (7, ) is self-conjugate only 

under a group G^pn^^xp'^^-i)?-- 

27. We may now readily determine the largest subgroup transforming G^^ 
into "itself. The latter has exactly 12 substitutions of period 4: B^G^G^, 
^,Z = 2,8,4; Jc ^ I. They are all conjugate within G^g^ , under which G^^ '® 
certainly self-conjugate. Indeed, B^ and G^G^ transform B^G^G^ into B^G^G^ 
and B^G^G^, respectively; {^^^^^^) and (^a^i^s) transform B^G^G^ into 
B^ Cj G^ and B^ G^ G^ , respectively : G^ G^ transforms B^ G^ G^ into B^ C, G^ ; B^ 
transforms B^G^G^ mto B^G^G^, B^G^G^ into B^G^G^, and B^G^G^ into 
B^ G^ Cj ; Cj C. transforms B^ G^ G^ into B^ G^ Cj ; B^ transforms B^ C, G^ into 
B^ G^ C, , and B^ C, G^ into ^, C, C, . 

We next show that exactly 48 operators of O^ transform G^^ and the substi- 
tution B^ Cj G^ each into itself. It wiU then follow that O^^ is self-conjugate 
only under a group of order 12 x 48. 

For ^" = 3 , this result follows from §26 since W'^iJz^^Jz^^'^^'^^'^'^'^''^^ G^^ 
into itself (§11). 

For ^" = 5 consider in turn the various types of substitutions of Oq which 
are commutative with B^G-^G^. When 3 of the a^. are zero, there resulted the 
16 substitutions (66). Since they belong to G^^^^ they transform O^mto itself. 
When a single a^ is zero, there resulted 12 types of substitutions, one type 
comprising the 16 substitutions 8'^, the substitutions of the remaining types 
being of the form V 8'^ , where V belongs to G^^ . But 8'^ transforms G^ G^ 
into 



* Note that 2 = 0, SfQC li iiU ) 
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-1 


2«12«22 


2«„«13 








2«12«22 


1 





3a„a,3 





2«U«13 





1 


2«,2«22 








3ajjaj3 


^«12«22 


-1 

















1 



(al, = a], = a.l = l\ 
\< = -l )■■ 



which does not belong to G^^ since its non-diagonal terms do not all vanish. 
Hence the 12 types are all excluded. Finally, when none of the a^. are zero, 
there resulted the 32 substitutions /S^ of the form 8' with every a^. = a^ == — 1 
and satisfying (66). We verify that S transforms Cj C^ into 



(67) 



^0 


X 


/* 








X 








— fl 





/^ 








X 








-/" 


X 




















1 



(^ — 2a,2 022 + 2a,i a,s a^ Ojj \ 



Since X^ + ju.^ = 1 , either X=Oor/u.= 0. IfX=0, then a^^ = 
fi= — «ii'''i3' *°*^ C^"^) ^^ -^z^i^z or ^jCjC^. If /i = 0, then Wj^ = ajja^jSj^, 
X= — aiia22' ^^^ i^"^) ^^ either B^ or Bfi^G^C^C^. Hence (67) belongs to 
(^32 in every ease. 
Next, S transforms C^ C^ into 



(58) 









(T 


p 











-P 


cr 





(T 


~p 











p 


a 























1. 



— 2a,i ai3 — 2ai2 a^ 






"!2 — 2axi ai2 ai3 a^^ , 



Since /3^ + o-'^ = 1 , either /)=Oora-=0. Ifp=0, then Mj^ = ctj^ a,^ ^u and 
(68) is either B^ or B^C-^Cfi^C^. If o- = 0, then ctj^ = — ajjCtij^ig and (58) 
is either BJJ^C^^ or BJJ^C^. Hence (58) belongs to G.^^ in every case. 
Finally, S transforms B^ into 



(59) 



a 


/8 





■ 


-a 





-^ 





^ 


— ct 








-^ 





a 














1 



(; 



— 2aiiai2 + 2ai3au 
= 2aii ajj — 2oi2 0,3 



)■ 
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Then a' + ^ ^ 1 . Ifa=0, then a^^ = a,iai2«i3 and (59) is either £^C^ C^ or 
B^C^C^. If /9 = 0,then a.^^= — a^^a^^a^^SknA (59) is either C^C^ov C^C^. 
Hence (59) belongs to G^^ in every ease. 

The general case will be established indirectly. Of the substitutions trans- 
forming B^ Cj C^ into itself and hence also its inverse B^ C^ C^ into itself, B^ 
transforms B^C^C^ into B^C^C^; 2 of § 11 transforms B^C^G^ into B^G^G^, 
and the latter into B^ G^ (7, ; B^ transforms B^ G^ G.^ into B^ G^ G^ ; B.^ G^ G^ 
transforms B^G^G^ into B^G^G^. Hence 6 of the 12 substitutions of period 4 
in 6^32 are conjugate with B^G^G^ by means of substitutions transforming G^^ 
and B^ G^ (7, each into itself. We next show that no substitution of O^ trans- 
forms B^G^G^ into itself and B^G^G^ into one of the four: Bfi^G^, B^G^G^, 
B,G,G^, B^G.G,. The condition B^G.G^S' = S'B^G.G^, where S' is given 
in § 11 , requires that every a^. = a = , and hence is impossible. Likewise, 
^3 G, G,S' = S'B^ Ci O, is inipi)ssible. But B^ transforms B^ G^ G, into B^ O, G, , 
and B^ C, Cj into B^ G^ G^ . Finally, we show that exactly 8 substitutions of O^ 
transform B^ G^ (7, and B^ G^ G^ each into itself. It suffices to find the sub- 
stitutions which are commutative with both B^G^C^ and G^G^. Now 
G.^G^S' — 8' G^G^ requires that a^^, a^^, a^^, a^ all vanish. The resulting 
special form S" of ^S' ' transforms Cj G^ into 



(60) 



This belongs to G^^, when 2 is a not-square, if and only if a^j ctj^ = , ol.^2°'-^ — ^ ' 
since the only conditions on S" are a,j + a^j = 1 , a^^ -f- a^^ = 1 . For a^j = , 
8" belongs to Oq if and only if 3^2=0, whence ,S"' is Bfi^C^., B^G^G^, 
B^ G^ Cg or i?3 C3 G^ , all belonging to G^^ . For a^^=0, then a^^ = , whence 
8" is 7, CjCg, C^C,, or G,G,G.^G^, all belonging to G^^. 

Theorem. Within O^, the group G^^ is self-conjugate only under 



«u - «u 





2«11«13 











«22 - < 





-2«22«24 





2aii«i3 





«11 - «13 











- 2*22 «24 





< - < 





. 











1 



(61) 



G,,, = { r , Sr , 2^ r ( r ranging over G,^) } . 



28. The group H\^ is self -con jugate under G^^ by § 7. Of the 20 substi- 
tutions of period 4 in Hl^, the four B^G^G^, B^G^G^, B^G^G^, B^C^C^ are 
conjugate within G^^ ; likewise the eight jB^ (7j (7^ , jBj C^. C,, ( * = 1 , 2 , 3 , 4 ) ; like- 
wise the eight B^G^G^■, B^Gfi^, as follows from the table of conjugate substi- 
tutions of G^^ (§ 6). Now B^G-^G^ and B^G^G^ have the characteristic deter- 
minants (1 — /3)(1 -I- /3)^(1 -I- p^) and (1 — p){\ -I- /3^)^, respectively (end of 
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§ 19). Hence Bfi^C^ is conjugate with only 4 of the substitutions of period 4 
of IJ\^- We proceed to show that only 16 substitutions of Ojj transform H\^ 
and BJJ^C^ each into itself and that the 16 are the substitutions (55) belong- 
ing to G^g^. The proof is similar to that in § 27. Consider first the case 
J}" = 5. Then (57) belongs to H\^ if and only if «i4 = — «n «i2 «i3 ; (58) 
belongs to H\^ if and only if a^^ = + a^^a^^a^^. Hence a transformer with each 
a,. =1= is excluded. Those with a single a.^. equal zero are excluded as in § 27. 
For the general case we proceed as at the end of § 27. The only substitutions 
transforming B^C^C^ and B^C^C^ each into itself are 8 substitutions belonging 
to -S^32' Indeed, (60) belongs to H^^, when 2 is a not-squar6, if and only if 

Theorem. Within O^ ■, the group H^^ is self-conjugate only under G^^ . 

29. The group J^^ is self -conjugate under Gg^ since it is self -con jugate under 
both (^32 and J^^ (§§ 8, 10). Within G^^ the four substitutions of period 4 of 
e/jg are conjugate with B^C^C^. It therefore remains only to determine all the 
substitutions S of O^ which transform J^^ and B^ C^ C^ each into itself. We 
proceed as in § 27. For p" = 5 , the only substitutions S are the 16 substitu- 
tions (55); for, (57) belongs to J\g if and only if «i4= — ''^n^iz'^^iai while (58) 
belongs Jl^ if and only if .a.^^= + a^^a^^a^^. 

In the general case, 8' belongs to Gg^ if it is commutative with C^C^ (end 
of § 27). Within Gg^ the substitutions of period 2 in J\^ fall into sets of con- 
jugates as follows : 

CjC^, C'jCg; CjCj, C^C^•, C^C^, C^C^\ B^, B^C^C^, B^C^C^, B^C^Cfi^C^. 

The conditions for C^ (7, S' = S' C^ C^ are a^ = a^^, = (j = 1 , 2 , 3 , 4 ) . 
Likewise, S' cannot transform CJJ^ into C^C^, nor into B^. 

Theorem. Within Oq, the group J^,. is self-conjugate only under Gg^. 

30. Since (xju contains C^C^, CjC^ and Cj C,, , a substitution ^S commutative 
with it must replace three variables by±|j, ±^3, ±^5 (Lemma I, §22). 
Since further there exists an even substitution on ^1 , • • • , ^5 which replaces 
Ij, 1^3, I5 by those three variables, respectively, we may set S= O^it"^, where 
r belongs to G^gg„. Now 0^'J transforms B^ into T={^^^^)T^, where T^ 
replaces ^^ ^y ^X/^fj + (^^ ~ /"'^)?i' ^^ order that T shall belong to G[g,it 
is necessary that T^ = (^2^4)^' where C is a product of the C.. Hence 
Xfj, = 0. The case X = is excluded if S belongs to O^ . Hence 0^''^ = I 
or C^C^. Hence S belongs to G^^^. But the only even substitutions on 
f n • • ) I5 which transform B^ into itself are /, B^, B^, B^. But neither B^ 
nor B^ transforms C, C^ , C3 (7^ , C^ C^ amongst themselves. 



Theorem. Within Oq , the group G[g is self-conjugate only under J 
31. By a proof entirely analogous to the preceding, we obtain the 
Theorem. Within Oq , the group H[^ is self -conjugate only under J 
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32. A substitution S which transforms Gl into itself must replace I, by 
± f^ (Corollary III of § 22). If .S' transforms (7, C3 of Gl into itself, then 
;S'= O^^gO^^iC, where C is a product of Cj. Now Oi;^0^;J transforms ^3 
into a substitution S' which replaces f^ and ^^ by 

2XA.f, + (X^ - M^) ^3, 2/,<r^, + (p!' - a')l„ 

respectively. Since X^ + /u.^ = 1 and 2 is a not-square, then X^ — /n^ 4= ^ • 
Hence X/x, = , per = ii JB' belongs to Gl., so that S belongs to (G^g, B^). 
Now Gl is evidently self -con jugate under 6^^^. Within the latter, C^C^ and 
Cj C^ are conjugate, as also B^, B^ O^ O^ , B^ C^ C^ , B^B^ C^ C^ C^ . Hence if Oq 
contains a substitution which transforms G^C^ into B^ and Gl into itself, 6^^ 
will be self-conjugate under exactly 6 x 32 substitutions of Ojj- Now an 
orthogonal substitution of period 2 replaces f^ by ± |j and transforms C^C^ 
into B^ if and only if it has the form 

(X,, a,„ — a,, — a,„ 



•4a?, = l 

4a?, =-1 

.4al,= l 



It therefore transforms B^ into CjCg and B^C^C^ and Bfi^C^ into themselves, 
and hence G^g into itself. We choose the sign ± to make the determinant 
equal +1. If /S' is one such substitution, then /S*, = 8{J^^1^^C^ is another, 
since (1,^3)05 transforms each substitution of Gl into itself. But* either 8 
or S^ belongs to O^ (§ 4). 

Theorem. Within O^ , the group Gl is self -con jug ate only under H^^^ . 

33. Since G'l contains CjC^, C^C^ and C^C^, a substitution commutative 
with G; has (as in § 30) the form Oi'jT, T in G,^. The first factor is evi- 
dently commutative with every substitution of 6^^. It belongs to O^ if and 
only if it is a §13 (of § 3), the number of which is ^(p" — v). But the only 
even substitutions on |,, •••, ^^ which transforms G^Cg, C^C^ and CjC^ 
amongst themselves are 

(62) /, {U^){U.)^ {U^){U.)^ {U^){U,)^ {U.%)^ {U,^.)- 
Theorem. Within O^ , the group Gg is self-conjugate only under 

(63) ^24(,.-.)=[%3% 6^16,(62)]. 

For j!)" = 3 or 5, the only Q^; ^ are / and C, C^ . Hence ^^^ = [ (y,^ , ( 62 )] . 
* For J)" = 5, the values a^, = a,j = a,, = 2, ± 1 = — 1 , make the transformer equal to 

O2 Cg C4 C5 ( f 2 f 4 f 3 ) -^^234 "2 "i ^124 ( f 1 ? 4 ?3 ) -''M4 • 



«12 


«22 


«12 


«22 


«11 


«I2 


«11 


-«I2 


«12 


«22 


— «12 


«22 











±1 
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34. The group G^ is evidently self-conjugate under G^^^ of § 24. Within 
the latter CjO, is conjugate with C^C^, C^C,, C^Cj, C^C, and C^C^. It 
thus remains to determine the substitutions S which are commutative with both 
CjCj and G^. As in §32, 8= O^^sO^^iC. But O^'J transforms C^C; into 
a substitution which replaces ^^ and f^ by 

if.' - X^)|, + 2X/.^3, (<T^ - p^)|, + 2p<, 

respectively. Hence must Xyit = , per = . 

Theorem. Within O^, iAe group G^ is self -conjugate only under G^g^. 

35. A substitution S commutative with ^ must replace f^ by d= f^ (Corol- 
lary II of § 22), and must transform CjCg into itself or Gfi^. Hence 
8= Oi^ 3 02,4c or its product on the right by B^. Now 0\'jO\\l transforms 
5, C, a into 

i; = -l3, ^; = i„ ?; = 2/cc7|,-f(p^-<T^)l,, 

which belongs to ^^ if and only if pa ={i . According as o- = or /o = , it 
becomes B.^C^C^ or B.^C^C^, respectively. Hence if Oi'J 0^]^ belongs to 0^ it 
is a ^13, QigBg, or the product of one of them by C^C^, Finally, B^ does 
not transform JT^ into itself. 

Theoeem. Within O^ , the group K^ is self -conjugate only under 

(64) II,,^_,, = (Qi'j,B^,G,,). 

For p" = S or 5, this group becomes t/^^ • 

36. A substitution commutative with M^ must be of the type /S' of § 35. 
Now 0^'J 0^'J evidently transforms B^C^C^ = O^'j^O^'j'^ into itself. Hence 
it transforms into itself B^G.G, = B^C.C,- C,c'„ B^b,C,= B^C.G,- C,C„ 
B^ C; C, = B^ C, C, ■ C, C^ C3 C, . Also, B^ transforms HI into itself. 

Theoeem. Within O^ , the group H^^ is self-conjugate only under 

(65) ^4(p^.).= (%3''«i;4%G^a4)- 



For p" = 3 or 5 , this group becomes G^ . 

37. A substitution /S" commutative with G\ must replace f^ by d= 1^ (Corollary 
II of § 22) and transform C^C^ into itself or C^C^. Hence 8= Oj 2O3 4Cor 
its product by ^3, respectively. 

Theorem. Within O^ , the group G\ is self -conjugate only under 

(65') ^;p»-.). = («t.''§^^<yJ• 

For p" == 3 or 5 , this group becomes 6^^^ . 



1904] 



OF 2 OF THE QUINARY OETHOGONAL GROUP 



31 



38. The group K\ is certainly self -eon jugate under H^^ of § 33. Within the 
latter C^C^, C^C^ and O^C^ are conjugate, and H^ has substitutions which 
transform C^ (7, into itself and C^ C^ into C^ C.^ . It thus remains to determine 
the substitutions S commutative with each C^ C^ , C^C^, C^ C^ . Now 8 = 0\i % (7, 
where C is a product of the C^ . 

Theorem. Within O^, K\ is self-conjugate only under Jff^^pn-^)- 

39. A substitution commutative with K'^ and hence with C^C^ is either 
S = Oil 3 ^2, 4, 5 *^'' '^^1 • ^^^ ^ transforms C^ C^ G, Cj into 

Hence X/i = is the necessary and sufficient condition that the transform shall 
belong to jS'^' . The substitutions commutative with it are 



CO. 



2, 4, 6 ) 



(l^^s)CO,^,, 



{c — /, Ci , C3 , Cj C3 ) . 



The number of substitutions 02,4,6 o^ determinant d= 1 is 2(p^'' — l)p", by 
Linear Groups, p. 160. Hence |-8 ^(p^ — l)j)" substitutions of O^ are 
commutative with ^2'. 

Theorem. Within O^ , ^4" is self -conjugate only under Gipn^p-^-iy 
Corollary. Exactly p^{p''" — l){p'' — v) substitutions of O^ are commu- 
tative with Cj Cj . 

40. A substitution S commutative with J^ replaces f ^ by ± fj . li /S is of 
determinant + 1 and is commutative with B^ Cj C^ it has the form 



£r= 



a,, 















«14 


0" 


«24 





«12 





«22 








+ 1. 



If ^is commutative with C^ C^, then a^^ = a^^ = a^ = a^^ = 0. The resulting 
2(p" — I') substitutions are commutative with B^ and hence with J^ and all 
belong to Ojj . If -ST transforms Cj C^ into ^3 (and hence B^ into C^ C^ and 
hence t^j into itself), then ajj = a^^, a^^ = a^^, a^a = '''21' "^24 = ""22 • "^^^ orthog- 
onal conditions then reduce to aijj = ± a^^ , oc^^ = =f «„ , a\^ + '"12 = J • Denot- 
ing the resulting substitution by K^^ , we have K_ = IC^ Cj C^ . We proceed 
to show that ^^ (and hence IC_ ) does not belong to Oq . Setting a^^ = a and 
Sjj = y8 , we have for .fi^ 
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[a,/3] = 



a 


/S 


a 


/3 





/3 


— a 


/S 


— a 





— a 


-/3 


a 


/3 





-/8 


a 


/S 


— a 

















Ij 



(a^ + /32=n. 



Forp» = 3,[l,l] = -r^(|,l3)C„ 

[-l,-l] = [l,l]C,(7,(73(7„[l,-l] = lF^(f,f3lJ(|,f,)C,C,C„ 

so that none of the [a, /S] belong to Oq . 

For any GJF[p"'\ in which — 1 is the square of a mark i, we make the 
transformation of variables given in Linear Groups, p. 180, and get 





^n 


J^ Y 

-" U ■* 14 


Y Y 

■^23 -^ 24 


^34 


^[. 


i(l + «) 


-l(« + ^/3) iz/3 


¥^ -l{a-i^) 


Hi-«) 


^'u 


l(a + i./3) 


-i^ l{a-m) 


^{a — i/3) a 


-i(«+i/3) 


ri 


¥13 


-l{a-i^) Hl-«) 


-i(l + «) i(a+*/S) 


-Ji/3 


Y' 

■^ 23 


iH^ 


-i(a-i^)-i(l + a) 


J(l-a) iia + W) 


-Ji/S 


Y' 


lia-i^) 


a -i{a+i^) 


-i(a+i/3) i;S 


^K«-^^) 


Y' 

-^ 34 


Hi-«) 


^(a + i/3) -li^ 


-|i/3 J(«-z,8) 


i(l + a). 



The determinant (141) of Linear Groups, p. 154, here equals 

J(l + 2^•/3)(«^+^/3+;8^) 

and must be a square or zero. Applying a^ + /8^ = J , it reduces to 

^•i(l + 2j/3)^ 

By proper choice of i as a root of cc^ = — 1 , we can assume that 1 + 2iy8 =}= • 
But 2 is a not-square. Hence none of the [a, /8] belong to Ojj. 

Finally, Cj C^ of J^ transforms B^ Cj Cj into its inverse B^ C^ C^ . 

Theorem. Within O^ , the group J^ is self-conjugate only under 



(66) 



^8(j)"-r) — ( ^32 ' ^l! 2 %! 4 ) • 



CoROLLART. For |)" = 3 or 5, J^ is self-conjugate only under G^^- 
41. A substitution S commutative with F'^' replaces f^ by ± fj. Then S is 
commutative with B^ C^ C^ if and only if it has the form 
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S,= 



L 







— «o, — 







«13 


«H 





«i4 


-«.3 





•^33 


«34 





«34 


«33 











±1 



Hence S^ is commutative with the inverse B^ C^ C^ of B^ G^ C^ . There are four 
further substitutions of period 4 in F'^' : B^C.C.,, B^C^C^, B^C.C^, ^fi^C^. 
If /S'j is commutative with B^C^C.^, then ctgi = — ^ij, '"32= ~ '^ui °'-m'^ '^w> 
a^^ ^ otjj . The orthogonal conditions then reduce to a\^ + '"12 + ("la +"^14^*^* 
Hence by Linear Groups, p. 47, there arep^" — p" substitutions S[ of determi- 
nant -f 1 commutative with B^ G^ G^ , and consequent^ commutative with 

B,G,G,-B,G,G,= B,G,G, 

and hence with the group F'^. If 8^ transforms B^G^G^ into its inverse, 
S,= S[G,G^. If S^ transforms B^ G, C, into B^G.G^, S,= S[{i^ |, Is ) and 
transforms 5^ Cj C3 into ^g Cj G^ . By symmetry there exist orthogonal substi- 
tutions of determinant -|- 1 which transform F'^ into itself and transform 
B^GiG^ into B^G^G^ and are commutative with BJJ^G^. Hence there are 
6-4-(p*"— p") orthogonal substitutions of determinant -f- 1 which are com- 
mutative with F"^. Exactly half of these belong to Ojj, since (fifj) ^\ trans- 
forms Bfi^G^, B^G^G^ and B^G.G^ into B^G.G,, Bfifi^ and B^G^G^, 
respectively, and hence F'^ into itself. 

Theorem. Within Og., F'^ is self -conjugate only under G^i2p>.(p2n_i) . 

42. The group K^ contains /, G^G^, B^ and B^G^Gy Now G^G^ trans- 
forms B^ into B^G^Gy and G^G^ into itself. By § 32, Ojj contains a substitu- 
tion which transforms G-^G^ and B^ into each other. Hence the number of 
substitutions of Oq commutative with K*^ is 6 times the number commutative 
with each of its operators. If (a.) is commutative with (7, C3, then ctj^, aj^, aj^. 

If it is also commutative with 

The 



I ' ^1^ ' '^i 



I , a^g, a^j , aj.3 are all zero. 



^3' then ag, = ai3, «33=«u'_ 
resulting orthogonal substitutions are 



(67) 



«„ 



«iB 



«13 





a. 



«24 



«53 







""ll + »13 — 1 1 t^Il "13 — 

«2S + "24 + ^25 = 1 1 2022 a.^j + CI25 = 

2a52 + 055 = 2a25 + 055 = 1 

f'oi ( (^2 + C(24 ) + «25 "55 = 



Trans. Am. Math. Soo 3 
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The condition that the determinant shall equal + I is 

(68) {CC^ - «24) [«55(«22 + «24) " 2«25«52] = 1- 

The conditions on a^^, a^^, a^, a^.^, a^^ are seen to reduce to the following: 



(69) a24=«22±l'«52=±«2! 



:2a,,-l,2a^, + (2a,,±l)^ = l. 



By Linear Groups, p. 48, the last condition has p" + v sets of solutions 
(X25) 2a22±l-? if 2 is a not-square and v^=±\ according as p" = 4Z±l. 
There are 4 sets of solutions of a\^ -f ctj^ = 1 , a^^ «,3 = . Of the resulting 
2-4 (^5" +1') substitutions, half belong to Ojj, since but one of the pair S and 
^(1,13)^3 does. _ 

Theorem. Within O^, -ST^ is self-conjugate only under 6^24 (p„+^). 

43. The group T^ contains C^C^ and C^C^, but no further C^C^. Hence, 
as in the proof of Corollary III of § 22, a substitution S commutative with T^ 
must replace the pair f^, f^by ± f, , ± |g in some order. Hence >S'is commuta- 
tive with Cj C3 . If *S' be commutative with B^, it is of the form (67), of which 
4(p'' + i/) belong to O^- Then S is commutative with B^C^C^ and trans- 
forms B^G^C^ into B^G^G^ or B^G^G^, since it transforms Cj(7„ and CjCj, 
amongst themselves. Next, G^ G^ transforms T^ into itself and ^3 into B^G^ Cg, 
B^G^G^ into B^G^Gg. Finally, B^ and B^G^G^ have different characteristic 
determinants. 

Theorem. Within O^, T^ is self-conjugate only under G^^p^j^^^ . 

44. Every orthogonal substitution commutative with B^G^G^ has the form 



(70) 







^13 



«11 














— ao, 



*56 J 



2] 2 , 2i2i2 t1 

«U "T «13 J ) «22 + "24 + «25 — J^ 

2a22 a24 — - «25 ^^^ *^ 

2a52 + a55 = 2a25 + ass = 1 
l a22 a52 — (X24 052 + ^25 "55 = '^ 



a 

a^^ 

The conditions on a^ , a^ , a^^ , a^^ , a^^ and that for determinant + 1 are seen to 
reduce to (69) if the sign of 0:24 is changed in the latter. Hence these conditions 
have 2(p" + v) sets of solutions, j^gain, a.\^ -f ajj = 1 has p^ — v sets of so- 
lutions. Hence exactly * p^" — 1 of the 2 (p^" — 1 ) substitutions (70) of 
determinant -f 1 belong to O^. 

Observing that C, G^ transforms B^ G^ G^ into its inverse, we may state the 
Theorem. Within O^, the group {B.^G^G^) is self-conjugate only under 
a group G2^p,„_iy 



*To make an explicit determination of tiiem, we proceed as in Linear Groups, § 189. 
- 1 is the square of a mark i, (70) becomes 



Wlien 
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45. Since L^ contains a single cyclic subgroup (^B^C^C^) of order 4, a sub- 
stitution which transforms L^ into itself must be of the form (70) or its product 
by C^C^. Now (70) transforms the substitution C^G^ of L^ into 



(71) 



' «13 - «U 







2«„«13 










1 


-2< 


2a^, 




>t 


2«u«l3 







«n - «L 












2«L 


i-2«L 




-k 







k 


-k 


1 


-2c 



[^- Cj! («22 «24 ) «25"55 ] • 



If (71) reduces to C^C^, then a,j = 0, ajs = 0? ''^ss = 1» so that (70) becomes 
/, C^C^, CjC^or Cj Cg Cj C7, , in case it belongs to Oq. If (71) reduces to 
O^C^, then ajj = 0, ctjj = 0, a5j= — 1, so that (70) becomes B^Cfi^ or 
Bfifi^ {i = 1, 3), in case it belongs to Oq. The remaining substitutions 
of period 2 of Z^, other than C,C^ = (B^C.CJ, are 5, and B^C.C^. But 

(71) cannot reduce to either of these when 2 is a not-square. Now 

(72) /, C,C„ C,C„ C,C,C,C„ B^C,C„ B^Cfi, (f = i, 3), 
together with their products by C^C^, give the 16 substitutions of G[^. 



! 1 + «!! ; 






— Jai3 

f ( «]1 + «22 ^ P+ 

P=t A 

P^ C 





P_ 
B 
D 



i«13 4(ail — 022) — ^+ — -P- : 

(1 — ai,) la,3 

It is seen to be the second compound of 

I. ' 



1«13 
% \ ^11 <-^2 ) 

— P± 

— P=r 
i ( «11 + «22 ) 

-rw 






i(i + «i,)j 






-P+ = >i(»22 =F 1 + <a25), 

P- = %{a<^ =F 1 — £025), 
A = ^(ass ± 2a22 ='=*a25 + ia^ — 1), 
-fi = H(.ft22 ^ 2a22 =tia25 ~ ^25 + 1)> 
C=: /^(a22 =F 2a22 T'^a26 + ^a2S-f 1)) 
I>=: /^(a22 ± 2a22=Fia26 — »a25 — 1). 



w 



it and only if the following conditions hold 



xy- 



-P± 



— P. 






r^ 



^22 + 1 



— ai 3 _ a n — t \ 
1 + ail ais ] * 



P^ 



1 + r- 



.2' 



yw- 



1 _,_ ^2 ' 
P_ 



«/2 = 



2(l+»- 
aji!— 1 



— C 
1 + r-2 ' 



" 1 + r^ ' 
D 



■ 1 + r2 ■ 



21 1+r^) ' 

We have 1 + r^ := 2/ ( 1 + a,i ) . These conditions are seen to be compatible and to determine 
(except as to sijtn ) marks x, y, z, w of the field it and only it any non vanishing one of the last 
four fractions is a square. For example, BO = J ( 1 — a^j )^. AD--\i. \-\- a^Y, AB = — P^ . 

If a,3 = 0, an = + 1 , we take r = 0. It 0,3^=0. a„ = — 1, the formula fail, but the sub- 
stitution (70) is then the product of the preceding by C^C^, so that one belongs to On it the 
other does. 
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Theorem. Within Oq , the group L^ is self-conjugate only under G[^ . 

46. The group Ifl^ contains 8 substitutions of period 4 : B^C.C^ and 
B^Cfi^ (z= 1, 3), all of which are conjugate under G^^ (§6). A substitu- 
tion which transforms B^ Cj C^ into itself and C^ Cj into a substitution of H\^ 
belongs to the set (72). Indeed, the conditions on (70) are 



= 0, «n= 0' «22= 0' «S5= - 1; 



or 



, = , a = , a = , a 



Theorem. Within O^, the group H\^ is self-conjugate only under G^^. 

47. The only self-conjugate substitutions of period 4 of F^^ are B^C^C^ and 
its inverse B^C^C^ (§ 13). These must be transformed among themselves by 
any substitution commutative with F^^. Every substitution ^S" commutative 



with B^ Cj Cj has the form 



S = 



a,. 



— O-o. 











— a,. 











01 




1 



The further substitutions of period 4 of F^^ are B^ Cj C^ and B^ C^ C, , B^ C^ C^ 
and B^ C^ C^ , B^ C^ Cj and B^ C^ C^ , the two of each pair being conjugate within 
6^32 , under which F^^ is self -conjugate (§ 10). 

If 8 is commutative with B^CiC^, then a^^, a^^, a^^, a^^ are zero, so that 
S = Oi]^i ">» OffI' "'^ if it is orthogonal and of determinant -f- 1 . If further S 
be commutative with B^C^C.^ and hence with F^^, then a^. 
But if S transforms B^C^C^ into B^C^C^, then a^ = a^^, a^, 
8 = Ot]'i "^ Of^i "'^ ( I3 14 ) Cj and hence is not in O^. Hence Of^"^ "'^ Ol]\ "'^ and 
its product by Cj O^ are the only substitutions 8 of Oq which are commutative 
with i^jg and B^ C, C^ . Their products by B^ are the only ones transforming 
B,C,C ^i-aio B,C,C^. 

If an orthogonal substitution of the form 8 transforms B^C^C^ into B^C^C^, 
it has the form 



ajj, so that 



8' = 















«14 


0" 


«13 





«13 





«H 








±1_ 



/'«ii + ni2 = J\ 



Its determinant equals ±4(^al^-^ al^)(al^-^ al^). We therefore take 
± 1 = -f 1 . Then 8' transforms B^ (7j C^ into 
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p 





a 





p 





— (T 











(T 





-P 





a 





p 




















1 



V (T = — 2aii aj3 — 2ai2 ^h / ' 



Then p^ + o-'^ = 1 . This belongs to J^,, (and consequently S' transforms F-^^ 
into itself) only when per = . If cr = , it becomes B^ Cj (7^ or B^ C^ C^ . 
If p = , it becomes B^ C, C^ or 5^ C^ C^ . Since 2 is a not-square, the eondi- 

Hence p = gives 



tions on JS' show that a,j, a^^,a^^, a^^ all differ from 



a^^ = ± cHjj , while tr ■ 



gives aj3 = d= a, 



12' "^U 



=F«„ 



From 



the remark at the end of the section it follows * indirectly that exactly half of 
the resulting substitutions belong to Oq . 

If an orthogonal substitution of the form S transforms B^ C^ C^ into B^ C^ C^ 

The total number of orthogonal substitutions /S of determinant + 1 which 
transforms J^,^ into itself is therefore 6 -4 ■ (p"— z^). These, together with 
their products by Cj Cj (which transforms F^^ into itself and B^ Cj Cg into its 
inverse B.^C^C^), give all of determinant + 1 which transforms F^^^ into itself. 
But (fj^2)Cj transforms F^^ into itself. Hence exactly 6 -i-i^p"- — v) belong 
to 0„. 

Theorem. Within Oq, F^^ is self-conjugate only under G^^p^-^)- 
Another proof follows from the results of § 26. The substitutions of Oq 
commutative with B^ (7, Cj are found from those commutative with B^ Cj C^ by 
transformation by (^2 ^3^4) • From (55) we thus get 

(73) B,, B^C,C„ B,C,C„ B,C,C,C,C„ B.C,C„ B.C,C„ B.C.C,, B.C.C, 

(j=l,3;j = 2, 4). 

Hence, for ^^ = 3 , these and their products by W( ^^ ^^ ^3 ) and by its inverse 
give all the substitutions commutative with B^C^C^. Inversely, they trans- 
form F^^ into itself. For ^"=5, the 12 types S' with a single vanishing Oj. 
are seen to be excluded as in § 27 . Consider next 2 *, the transform of 8' by 
(Ijfgl^), where S' is the substitution of § 11 subject to the conditions (56). 
We find that 2 * transforms C^ 0^ and B^ into respectively 



*To give a direct proof for j)" = 3, we note a substitution given by tlie lower signs is the 
product of C3C4 and that given by the upper signs. For ajg = a,i = + 1 , 014 = ctu = + 1 , 
S'=W^ ( fjfsf* ) ; for ai3 = a^ = + 1, ai4 = a„ = -l , S'= W^ ( f^fafi )C^O^B, ; f or a,s = a,^ = 1 , 
au==— «ii = — 1, S'=C.fi^W(^^i^?^){^^i^)C^CiC^ = 8"•, for 0,3 = ai^ = 1 , a,4 = — aii = l, 
S' = CjCsS^CiCt. All other cases follow at once from these. 
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P — 2ai2 !i22 + 2an ajs a^ a^,^ 

A = 2(i]iai5 + 2ai3a,4 
^ = 2aii an — 2(xi2ai3 



Since p^ + o-^ = 1 , either /a = , whence the first substitution is either B^ C^ C^ 

or JB4 Ca Cg , or o- = , whence it is either B^ or B^ (7, Cj C3 (74 . Since \^+ /4^= 1 , 

either X = and the second substitution is either B^C^ C^ or B^Cfi^, or /t= 

and it is either (7, C^ ^'^ CjC^. The resulting substitutions all belong to F^^. 

But B^C^C^, G\^i ^ii'i ^3 generate i^,j. Hence each of the 32 substitutions 

S* transforms F^^ into itself. These together with the 16 substitutions (78) 

give aU the 48 substitutions of 0„ which transform F^^ and B^ (7j C^ each into 

itself. But -Sj transforms F^^ into itself and B^ C^ C^ into its inverse. Hence 

F^^ is self-conjugate only under the group\G^^, "2*) of order 96. 

The University op Chicaqo, 
July 25, 1903. 



